


September 2015

Reliability of output gaps estimates —
comparing multivariate methods with
traditional production function methods

By

Anders Borup Christensen

[Preliminary draft]
Abstract

This paper describes the multi-variate approach used by the Danish Ministry of
Finance (MoF) to estimate the output gap in Denmark and how the approach
differs from the traditional production function approach used by for example
the European Commission and the OECD. The paper uses synthetic data to
analyze how different methods affect the precision and the real-time reliability of
the estimates. Also, working with artificial data allows us analyze how the preci-
sion and reliability are affected by different degrees of data noise and misspecifi-
cation of the estimation model. The results indicate that the particular features of
the MoF-model improve the precision and the real-time reliability of the output
gap estimates.

“The views expressed in this paper are those of the author(s) and do not necessarily represent the views of
the Ministry of Finance.
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1 Introduction

The output gap is a key variable of interest in policy making. But output gap estimates are
surrounded by significant uncertainty and are subject to revision over time as more in-
formation becomes available. To be relevant for policy makers, the output gap estimate
needs to be as accurate as possible while remaining stable over time, to ensure that the
policy messages derived from the output gap calculations are stable over time to avoid
that former policy advice will appear incorrect in hindsight. Thus, a desirable feature of
output gap estimates is real-time reliability.

The Danish Ministry of Finance (MoF) uses a multi-variate state space model to estimate
the output gap. The multi-variate approach allows one to combine Kalman Filter tech-
niques with reduced form economic relationships and use survey data as an indicator for
cyclical swings in the economy. Recent studies show (IMF Working Paper 15/144) that
multi-variate estimation models outperform single-variate filtering techniques by reducing
end-of-sample problems and thereby increasing real-time reliability.

In section 2 and 3 the MoF methodology for estimating the output gap is presented and
compared to the more traditional production function method used by the European
Commission (EC) and OECD.

Section 4 presents historical evidence that MoF output gap estimates for Denmark tend
to be more stable over time than estimates by the EC and OECD. However, this evi-
dence of past revisions of output gap estimates does not give us much clarity on which
model properties that may be behind these features.

In section 5 we use of synthetic data to identify which key difference in the methodolo-
gies affect the precision and reliability of output gap estimates. The results in line with
other studies suggest that some of the multi-variate features of the Mol methodology
improve reliability.

2 MoF methodology

The method used by the MoF to estimate the output gap essentially consists of a system
of three separate models that are estimated sequentially in 3 steps, ¢f. figure 1.

* Instep 1 the unemployment gap is estimated with Philips curve based NAWRU-
model.

" The estimated unemployment gap is used as an indicator for cyclical variation in the
estimation of the labour force gap in step 2.

* Using the employment gap as an input the output gap and the TFP gap are then esti-
mated simultaneously in step 3 of the process, ¢ figure 1.

The models used in all 3 steps are essentially multi-variate models drawing both on eco-
nomic relationships (i.e. Philips curve, discouraged worker effect, Okun’s law etc.) and
the information in key cyclical indicators (real wage growth, capacity utilization etc.). The
models are estimated using quarterly data from 1983Q1 to 2013Q4.
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Figure 1
Calculation of output and associated gaps in Denmark
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Source: Danish Ministry of Finance

Estimation framework and procedure: Step 1 — Unemployment gap

The structural unemployment rate in Denmark is estimated in an economic model based
on the expectation-augmented Phillips curve, where the time-varying NAWRU (Non
Accelerating Wage Rate of Unemployment) enters as an unobserved state variable.

AW, — Ap, = a, + o, (AW, , — Ap, )+, (Apet — Ap, )+ BUS + ¢, (1)
U =u; +Uu’ +&’ (1.2)
u=u, +e (1.3)
u’ =Au’, +4u’,+A,,CU,_, +&' (1.4)

where AW is the wage rate, Apis the inflation rate, Ap®is the expected inflation rate, U is

the actual and U” is the structural unemployment rate, U is the unemployment gap, and

CU is an indicator for the capacity utilisation in the industrial sector. Expected inflation
is specified as the growth rate of HP filtered prices.

The real wage inflationary process in (1.1) is specified as a Phillips curve that includes the
information given by the unemployment gap and lagged real wage inflation, given that the
inflation process is sticky. Labour market pressure affects nominal wages before they af-
fect prices, and since price inflation in a small open economy is also influenced by ex-
change rates, import prices and oil prices, the Phillips curve is related to wage inflation
rather than price inflation.

Equation (1.2) defines the unemployment rate as being determined as the aggregate of the
structural unemployment rate and the unemployment gap. In equation (1.3) the NAWRU
is described as an unobserved, stochastic unit root-process.
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The unemployment gap in (1.4) follows an AR(2)-process. The indicator for capacity uti-
lization in manufacturing is included as a determinant of the unemployment gap as it pro-
vides supplementary information about the cyclical position of the economy, ¢f. figure 2.

Figure 2 Figure 3
Capacity utilization in manufacturing (in deviation Estimated structural unemployment
from historical mean)
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Source: Danish Ministry of Finance

The above model framework is designed to give estimates with a high degree of real-time
reliability. First of all, the non-revised nature of the indicator for the capacity utilization in
the industrial sector reduces the need to revise the model estimates, which improves the
real-time reliability of the estimates. The other data input used in the estimation (i.e. the
unemployment rate, wage rate, price inflation) are also not subject to any ex post statisti-
cal revisions. Secondly, the unemployment statistics in Denmark is based on the Danish
administrative unemployment registers, which are highly reliable with a small degree of
statistical noise. This also improves real-time reliability of the unemployment gap esti-
mates.

For these reasons the estimated unemployment gap is also used as a key input in deter-
mining the cyclical variation in employment and output and is hence used in step 2 and
indirectly in step 3 (see below) to help determine cyclical swing and turning points in the
labour force gap and the output gap.

Estimation framework and procedure: Step 2 — Labour force gap
The labour force gap is also estimated in a state-space model, where the participation rate

is split into a cyclical (€ ) and structural component (€, ), ¢f. figure 5.

e =6 +6€f 2.1
e =e +As +e& 2.2)
el =4, + AUl +&! (2.3)
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€, is the participation rate for the 15-64 year age group. AS, is an exogenous indicator

variable which captures historical structural shifts in the labour force.

The equation (2.3) for the cyclical component models a so-called ”’discouraged worker”
effect, where the participation rate depends on how favorable job opportunities are. The
unemployment gap estimated in step 1 is a used as an indicator for the “discouraged
worker” effect in the model. The unemployment gap is assumed to lead the labour force

&ap-

This has the natural implication that the estimated labour force gap has a close inverse
relationship to the unemployment gap. This again implies that the employment gap is
closely linked to the unemployment gap.

With the estimates for the structural levels and cyclical gaps in unemployment and the

labour force we can calculate the structural employment and an employment gap, ¢ figure
4 and 5.

Figure 4 Figure 5
Actual and structural employment Employment gap — contributions from
unemployment and labour force participation
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Estimation framework and procedure: Step 3 — Output gap

The output gap model integrates the production function approach and the use of state
space models. The starting point is in line with the traditional production function ap-
proach the Cobb-Douglas production function with labour (L), capital (K) and total fac-
tor productivity (IFP) as factor inputs:

Y, =TFP, - LYK 3.1)

Labour input is defined as the number of employed and production (Y) is measured by
total economy gross value added (GVA).
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This formulation implies that cycles in the average number of working hours per em-
ployed as well as the capacity utilization in capital and labour are a part of TFP, which is
calculated as the Solow residual. It is assumed that the potential level of capital always

equals the actual level, i.e. K, = K. This expression can then be approximated with the

following log-linear relation for the output gap:

yt_y::(ft_ ft*)+a(|t_|t*)
yo=f +a-If

(3.2)
(3.3)

where y =logY, f=1logTFP and / = /ggl_ (as above the superscripts * and ¢ denotes the
potential/structural level and the cyclical gap respectively).

The observation equations for y and f'split the time series into a structural, cyclical and
noise component. By allowing for statistical white noise the model reduces the effect of
measurement error and ex-post revisions on the estimated output gap.

Yo=Y Y+ (34)
f=f +f+g (3.5)

Potential GVA (3.6) is modelled by the production function and potential TFP (3.7) is
modelled as a random walk with a stochastic trend, ¢f figure 6 and 7.

* * *
y, = +al’ +(1-a)k, (3.6)

* _ * f* _ ¥
fo=nt+fate » n=rutmu (3.7)

Figure 6 Figure 7
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The TEP gap is assumed to follow an AR(2)-process (3.8). Also an observation equation
(3.9) is added linking the TFP-gap to the cyclical variation in the capacity utilization in
manufacturing (CU). The simultaneous estimation of the output gap and TFP-gap is a key
difference compared to traditional methods (see below).

fe=yp fo+y, 15+ ‘9th 3.8)
CU,=6CU,_, +6,f° +&" (3.9)

On the demand side the employment gap is formulated as an AR(2)-process and related
to the output gap as formulated by a Okun’s law relationship (3.10). It is assumed that the

output gap leads the employment gap. The delay is two quarters, which reflects a histori-
cal lag between GDP and employment in Denmark.

If = A5, + A1, + Ay, + gtlc (3.10)

Note that the employment gap is estimated in step 1 and 2. Here it is treated as an exoge-
nous variable which helps identify the cyclical swings in the output gap.

Also, the lag between employment and output gap implicitly implies that the TFP-gap
leads the output gap, df. figure 8 and 9. This is in line with common economic intuition,
where you would expect productivity to react first during an economic upswing, while
hiring of new workers usually lags behind a few quarters. The same mechanism is in ef-
fect in a downturn, where labour hoarding behavior implies that firms initially will hesi-
tate to lay off workers, when demand drops.

Figure 8 Figure 9
Output gap, employment gap and TFP gap Output gap - Contribution from TFP and
employment gap
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The inclusion of Okun’s law may improve real-time reliability of the output gap estimates.
Gross value added (and calculated TFEP) is based on national accounts and can be subject
to measurement errors and to significant statistical revisions, which can increase estima-
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tion errors and reduce reliability of output gap estimates. The estimated unemployment
gap (and hence also the employment gap) is more immune to these problems as explained
above. Okun’s law therefore helps “translate” the real-time reliability of unemployment
gap to the estimated output gap.

3 Differences between the Mol methodology and traditional
production function methods

The 3 steps used in the MoFF methodology differs from traditional production function
methods, where the calculation of the output gap is often performed in 2 steps, with the
gaps in unemployment, labour force and TFP estimated independently, ¢f figure 10. In the
MoF methodology the TFP-gap and the output gap are estimated simultaneously in the
same state space model.

Figure 10
Calculation of the structural labour market and output and associated gaps in Denmark

MoF Output gap modelling framework Traditional productions function framework

STEP 1 STEP 2 STEP 3 STEP 1 STEP 2
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Source: Danish Ministry of Finance

The method used by the MoF also differs from standard methods because the model
incorporates Okun’s law in the output gap model, thereby establishing an explicit link
between the employment gap and the output gap in line with stylized facts.

Moreover, the method relies entirely on state-space estimation techniques using the Kal-
man filter, rather than the more commonly used Hodrick-Prescott-filter (HP)'. Compared
to the HP-filter the Kalman-filter offers several empirical advantages:

* The economic relationships of the variables under consideration are taken into ac-
count, such that the trend and cycle of the production inputs have a clear economic
interpretation.

1 In the methodology used by the EU-commission the HP-filter is used to estimate the trend participation rate and the
labor force gap.
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* End-point problems tend to be smaller when using the Kalman Filter.

" The division between trend and cycle is estimated based on the data rather than using
ad-hoc assumptions to determine the degree of smoothness in the trend.”

* By including error terms in observation equations the state space model can in princi-
ple control for data noise.

* The method makes it possible to estimate confidence bands for the estimated coetfi-
cients.

In the following it will be argued that the above model features improve both the preci-
sion and the real-time reliability of the output gap estimates compared to traditional
methods.

4  Estimates of output gaps for Denmark and revisions over time

The method used by the Danish Ministry of Finance displays significant real-time reliabil-
ity. This is indicated by the stability of the estimated output gap from 2003 and 2011 at
various points in time, cf. table 1. The table shows the estimates of years covered by his-
torical data and therefore the revision are influenced by forecast errors.

Table 1
Estimates of the output gap for Denmark in 2003, 2005, 2007, 2009 and 2011 across time

MoF
Spring forecast 2003 2005 2007 2009 2011
2004 -1.1
2005 -0.8
2006 -0.3 0.9
2007 -0.5 0.7
2008 -0.8 0.2 3.1
2009 -0.5 0.7 2.9
2010 -0.6 1.1 3.2 -2.9
2011 -0.8 1.0 2.8 -3.2
2012 -0.8 0.8 3.0 -2.9 -1.9
2013 -0.7 0.8 3.0 -3.0 -1.9
2014 -0,7 0,8 3,1 -2,8 -1,7
Total revision, pct.points 0.4 -0.1 0.0 0.1 0.2

2 Due to the so-called ”pile-up problem” (see Stock and Watson (1998)) state-space models estimated with the Kalman
Filter in many cases have difficulty with the estimation of the signal-to-noise ratio (i.e. the ratio between the standard
deviations of error terms in the state equation and the observation equation). In other words it is difficult to separate
variance in the data from the dynamics of the unobserved states by standard maximum likelihood techniques. Therefore
it is often necessary to set the signal-to-noise ratio a priori.



m Page 11 of 21

MinNISTRY OF FINANCE

Note: The table indicates the estimates for the 2003, 2005, 2007, 2009 and 2011 in the spring forecast each year.
Source: Danish Ministry of Finance (MoF)

Table 2 compares to similarly timed output gap estimates from the OECD and the EC
(DG ECFIN). As it is apparent from the table, the output gap estimates from the MoF
displays significant stability compared to the estimates of the other institutions, especially
the estimates of how much output was above the structural level in 2007 before the fi-
nancial crisis.

Even though the evidence in table 2 is quite striking one should be careful in drawing too
strong conclusions from this comparison.

First of all, the estimates are sensitive to changes in the methodology. The MoF models
have been reestimated every year, but the methodology has overall remained the same
over the years with only a few changes. It is not clear whether the same model stability
applies to the estimates of the the EC and OECD. Secondly, the Ministry of Finance
naturally have more ressources dedicated to analyzing the Danish economy which should
imply more well-specified models customized for the Danish economy.

Table 2
Estimates of the output gap for Denmark in 2003, 2005, 2007, 2009 and 2011 across time

Springs forecast Total revisi0r1,
percentage points

2003 2004 2005 2006 2007 2008
MoF -1.1 -0.8 -0.3 -0.5 -0.8 0.3
ECFIN -0.7 -1.0 -1.6 -1.6 -1.5 -0.8
OECD -1.3 -1.7 -2.1 -2.0 -1.9 -0.6
2005 2006 2007 2008 2009 2010
MoF 0.9 0.7 0.2 0.7 1.1 0.2
ECFIN -0.8 -0.5 -0.4 0.8 0.8 1.6
OECD -0.7 -0.3 -0.1 0.8 0.2 0.9
2007 2008 2009 2010 2011 2012
MoF 3.1 2.9 3.2 2.8 3.0 0.2
ECFIN 0.7 2.4 2.6 3.1 3.3 2.6
OECD 2.1 2.4 2.1 2.2 4.6 2.5
2009 2010 2011 2012 2013
MoF -2.9 -3.2 -2.9 -3.0 -0.1
ECFIN -5.1 -5.6 -5.0 -4.7 0.4
OECD -6.5 -6.6 -4.2 -3.6 2.9
2011 2012 2013 2014
MoF -1.9 -1.9 -1.7 0.2
ECFIN -3.1 -3.5 -3.6 -0.5
OECD -3.2 -2.2 -2.2 1.0

Note.: The table indicates the estimates for the 2003, 2005, 2007, 2009 and 2011 in the spring forecast each year
for the following 3-5 years.
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Source: OECD, European Commission (ECFIN) and Danish Ministry of Finance (MoF)

5 Analyzing reliability using synthetic data

The evidence of past revisions of output gap estimates also does not give much indication
as to what model-properties that may be the reason for what seems to be higher reliability
of the MoF-estimates.

In an attempt to identify which model characteristics that are important for reliability, the
remainder of this paper applies the methodologies of Mol and the EC on synthetic data
and compares the estimates. The approach allows us to test the different model features
in a controlled environment and to test how sensitive output gap estimates are to data
noise and model misspecification.

In the following we will focus on reliability in a broad sense analyzing both precision and
real-time reliability. Precision is defined how close the estimated values are to the “true”
values. Real-time reliability is defined as the stability of the estimates.

To limit the scope of this paper, we focus on the estimation of TFP gaps and output
gaps. Therefore the analysis will focus on the differences in methodology regarding these
estimates. These differences are summed up in table 3.

Table 3
Key differences between MoF methodology and traditional production function method

Ministry of Finance Traditional production function method

Separate and independent estimation of unemployment
Simultaneous estimation of output gap and TFP-gap. gap, labour force gap and TFP-gab. These are then com-
bined to construct an output gap.

In addition to the production function the model framework
includes a lagged relationship between output gap and
employment gap (via Okun’s law).

Output gap and employment gap are only related via the
production function.

Data noise will potentially affect the estimates for both the

Allows for error residuals in observation equations )
output gap and potential output

We will not analyze how different modelling of structural unemployment and structural
labour force affects precision and real-time reliability. This also reflects that there is less
consensus about how to model the labour market across countries, for example which
formulation of the Philips curve is most appropriate for different types of labour markets.
Hence, it is difficult for international institutions to find a uniform modelling framework
for the labour market that can be applied to all countries.
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The production function approach used to estimate TFP and output gaps — whether HP-
filter, single or multi-variate based methods —is on the contrary more broadly accepted.

It is therefore assumed that both models use the same estimates for structural employ-
ment and the employment gap and differences in precision and reliability are thus alone
the result of errors in the estimated TFP and output gaps.

Synthetic data based on the Danish economy

The synthetic data used in the analysis is constructed from small time series model of the
Danish economy. Time series for actual and structural levels as well as cyclical gaps for
output, TFP and employment are constructed for 100 quarters (25 years), ¢f. figure 4. See
appendix for details on time series equations and parameter values.

Figure 4
Example of synthetic data for actual and structural levels for output, TFP, employment etc.
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The two models
The analysis compares two models. The MoF-model, where the output gap and the TFP

gap are estimated simultaneously and Okun’s Law is included as an extra observation
equation, ¢f. table 4. And a model based on the traditional production function method,
where the TFP-gap is estimated separately and then together with the employment gap
used to construct an estimate for the output gap.

As mentioned it is assumed that both models use the same estimates for structural em-
ployment and the employment gap.

Table 4
Reduced form estimation models for analysis with synthetic data

Ministry of Finance Traditional production function method
’f and E treated as exogenous variables if and lAf treated as exogenous variables

i, ¥¢, f* and f¢€ are estimated simultaneously with the . ) ) )
f}gllg\;vi{:z; modfetl' y f; and f¢ are estimated with the following model:

State equations: State equations:
&=l o fla + Stfc =P fEr+afia + Sgw
fo=v+fiatel fe=y+fiatel
yE = f£ +alf Observation equations:
yi=fi+ali_,+(1-a)k, CU, =0ff +¢efv
Observation equations: fi=f+fE

CU, =0ff +¢efv
5/? and }f are calculated separately with production

— f* c f
fe=f+f +e function identities:
ye=yi+yite YE = fE +alf

Ie =008 + 2,08, + Asyf, + € 9i=f +ali, + (1 -k,

Precision of the MoF compared to traditional production function methods

Using synthetic data it is possible to test how close the estimates are to the “true” values
of the output gap. Figure 8 and 9 depicts the estimated and “true” values of potential
output and the output gap.

The precision of the two models are evaluated with the Root-Mean-Squared Errors
(RMSE). The RMSE show that the MoF methodology is more precise in estimating the
output gap — the estimates are on average about 0.1 percentage point closer to the “true’
value, df. table 4.

b

That the MoF model is more accurate than the traditional production function approach
(PF-model) is not surprising. By construction the inclusion of Okun’s law as part of the
time series model creating the synthetic data, implies an advantage for the MoF-model,
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because it exploits the information in Okun’s law. Therefore it will be more relevant to
use the RMSEs to identify how sensitive the models are to alterations of the model, for
instance in terms of changing the standard deviation of the error-terms in the data.

Figure 8 Figure 9
MoF — estimated output gap on synthetic data Traditional production function approach —
estimated output gap on synthetic data
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Below RMSE are calculated for a number of alternative data specifications. In all cases,
the MoFF-model displays a somewhat smaller RMSE than is the case for the PF-model.

The models are not equally sensitive to all modifications of the variance terms. Both
models are relatively insensitive to changes in the variance of the 8{ term (appendix equa-
tion 7.8), as can be seen from table 5 below. The PF-model has by definition no reaction
to changes in the noise term ¥ (appendix equation 7.7). The MoF model reacts, but with
little sensitivity, to changes in 07.

Table 5
Sensitivity to statistical noise in the data (y and f)

RMSE PF-model MoF-model
Baseline scenario, ¢/ = 0.0070 0.0082 0.0071
Increased noise in f, ¢/ = 0.0140 0.0087 0.0073
Decreased noise in f, ¢/ = 0.0035 0.0077 0.0069
Baseline scenario, ¢” = 0.070 0.0082 0.0071
Increased noise iny;, 0¥ = 0.0140 0.0082 0.0072
Decreased noise iny;, ¥ = 0.0035 0.0082 0.0070

Note: Changes in the gty term will by definition not affect the EC-Model.
Source: Danish Ministry of Finance

A much stronger reaction for both models is achieved when manipulating the standard
deviation of the error term in the capacity utilization (CU) relationship (Equation 7.5 in
the appendix). Both models react to changes in 0V with greater magnitude in the change
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in RMSE than for error-terms above. The PF-model reacts both absolute and relatively
stronger to the change as can be seen from table 6. The result shows that the precision of
the PF-model is highly dependent of how close the indicator for capacity utilization is
linked to the “true” value of the TFP-gap.

The MoF-model also used the information in Okun’s law and is therefore more immune
to noise in the capacity utilization relationship.

Table 6
Sensitivity to noise in the CU

RMSE EC-model MoF-model
Baseline scenario, ¢V = 0.0100 0.0082 0.0071
Increased noise in CU,, o<V = 0.0200 0.0126 0.0089
Decreased noise in CU;, ¢V = 0.0050 0.0055 0.0054

Source: Danish Ministry of Finance

The precision of both models are naturally very sensitive to how accurate the employ-
ment gap is estimated (measured by the value of o lc). But even though the MoF model
relies more heavily on the estimates for [ by using Okun’s Law, the MoF-model reacts

only slightly stronger to changes in the noise of the employment variable (ic is the varia-
ble used in place of the true [€ generated in the data).

Table 7
Sensitivity to how accurate the employment gap is estimated

RMSE PF-model MoF-model
Baseline scenario, o =0.0025 0.0082 0.0071
Increased noise in [¢, ol = 0.0050 0.0100 0.0092
Decreased noise in [¢, ¢! = 0.00125 0.0077 0.0066

Source: Danish Ministry of Finance

Since Okun’s Law is a key difference between the models, it is highly relevant to evaluate
how sensitive the MoF-model is to changes in the relationship. These changes do natural-
ly not affect the precision of the PF-model.

In table 8 presents the RMSE for a number of changes to the Okun’s Law equation.
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Firstly, we change the standard deviation of the error term in Okun’s law. This only has a
marginal effect on precision. Then we modify how long the length of the lag of output on
employment is in the synthetic data. As is clear from the table changes have little effect
on the resulting RMSE of the model. Similar conclusion comes when imposing structural
breaks in the model halfway through the timespan; very little happens to the model’s
RMSE. Changing the process that generates the error-term in the Okun’s Law relation-

ship, eéc, to be an MA-process also does little to disturb the fit of the model.

This is a somewhat surprising result, as one would expect misspecification of Okun’s law
to have a large impact on precision. However, because the CU-relationship is included in
the model a poorer fit of Okun’s law will lead the model to put more emphasis on the
CU-relationship when estimating the TFP-gap and the output gap. Also the AR(2) formu-
lation of Okun’s law seems general enough to encompass some degree of misspecification
in lag length etc.

Table 8
Sensitivity to changes in the noise in the Okun’s Law and specification of the relationship

MoF-model
MSE

Baseline scenario, ¢ = 0.0019 0.0071
Increased noise in [f, o =0.0038 0.0073
Decreased noise in I¢, ¢! = 0.00085 0.0069
Lag length =2 in the term A;yf_, , baseline scenario 0.0071
Lag length =1 0.0071
Lag length =4 0.0073
Lag length = 8 0.0076
Sensitivity to breaks in parameters occurring at t=50 0.0071
Parameter A, - 0.2 and 1, - 0.2 0,0074
Parameter 1, -0.05 0,0075
Parameter 4; -0.10 0,0077
Change noise term to be MA: £ = p x £l", + &4, baseline p=0 0,0071
p=04 0,0072
p=09 0,0074

Source: Danish Ministry of Finance

Real-time reliability of the MoF compared to traditional production function methods
Next, we compare the real-time reliability of the MoF and EC models on the artificial
data. This is done by generating 1000 samples each of which is 120 periods long. First,
both models are run on the first 100 periods of each sample. For each of the models and
samples the deviation from the true value of the TFP-gap at the 100th period (in this case



m Page 18 of 21

MinNISTRY OF FINANCE

the end point) is stored.” This is called the real-time deviation. Second, the models are run
on the full 120 periods. Again, the deviation from the true value of the TFP-gap at the
100th period (this time an interior point of the sample) is stored for each of the models
and samples. This is called the updated deviation in the following.

Table 4
Root-Mean-Squared Error of TFP gap estimate at period 100

EC-model MoF-model
RMSE (without real-time noise)
Real-time deviation 0,0125 0,0123
Updated deviation 0,0123 0,0121
RMSE (with real-time noise)
Real-time deviation 0,0134 0,0128
Updated deviation 0,0123 0,0121

Note: The RMSE is calculated across the samples (out of 1000) where both models converged, which they did for
757 samples in the case without real-time noise and 758 samples (out of 1000) in the case with real-time noise.
Le. the RMSE is not calculated across different samples for the two models in order to avoid selection issues.
Source: Danish Ministry of Finance

This exercise is conducted both with and without adding extra noise to the observed vari-
ables. When adding extra noise, an IID error term is added to the four last periods of the
sample. That is, when running the models on the first 100 periods, extra noise is added to
periods 97-100, and when running the models on the full 120 periods, extra noise is add-
ed to periods 117-120.* This is referred to as real-time noise, and is included in order to
simulate, that the observed values for the last periods of the sample are usually prelimi-
nary statistics and thus subject to subsequent revisions. With real-time noise included, the
observed variables for period 97-100 will thus contain less noise when we estimate on the
full 120 periods than when we estimate on the first 100 periods.

As seen from table 4, the MoF-model has lower RMSE both for the real-time deviation
and the updated deviation. This is true both with and without real-time noise in the last
sample periods. Thus the MoF-model performs better in real-time estimation of the out-
put gap, although the difference is small.

3 Difference in the estimate of the TFP-gap is the only source of difference in the estimate of the output gap — at least
when calculating the output gap based on the estimated values of the TFP-gap and the observed value of the employ-
ment gap.

4 In particular, in the last period noise is added to f and CUwith the same vatiance as ef and efY respectively. In the
second, third and fourth to last periods, noise is added with variance of ', Vath and 1/8th the variance of ef and etV
respectively.
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6 Conclusion

The historical evidence on past revisions of output gap estimates show that the method-
ology used by the Danish Ministry of Finance displays higher stability than estimates
based on the traditional production function approach.

The analysis with synthetic data indicates that the multi-variate approach with the inclu-
sion of Okun’s law and simultaneous estimation of the TFP and output gaps are key
model features in explaining why the precision and real-time reliability is higher for the
MoF output gap estimates. Also the inclusion of error terms in the MoF-model to control
for statistical noise in both output and TFP will tend to improve estimates.

The multi-variate approach can in principle exploit more information in cyclical indicators
and in reduced form economic relationships. In many cases it will therefore be superior
to single-variate filtering methods that often used in the literature.

A drawback to the multi-variate approach is that is adds considerable complexity to the
Kalman Filter estimation problem and be difficult to find sensible parameter estimates.
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7 Appendix — Construction of artificial data
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The data is based on a time series model for a simplified economy, see equations 7.1-7.8.

Time series for actual and structural levels as well as cyclical gaps for output, TFP and
employment are constructed for 100 quarters (25 years). The error terms are randomly
drawn from a normal distribution. The parameter and standard deviations used are esti-

mated on Danish data, ¢ zable A1.

fE=ifla+ba i + 5th

I = A0y 4+ X055 + A3y, + &f°
=1 +el +pel,
fo=v+fiatel
yi=fitalio,+ (1 -k,

CU, =0ff +¢f!

yi =ff+al;

Ve=yi+yi+e

fi=fr+fe+el

(7.1
(7.2
(7.2)
(7.3)
(7.4)
(7.5)
(7.6)
(7.7
(7.8)

Table Al
Parameter estimates

Estimate
Model parameters
A 1,4673
A, -0,5974
Ay 0,1127
01 0,5639
0, 1,1592
P, 1,6098
Y, -0,7082
p 0,9000
Standard deviation of error residuals
of¢ 0,0043
o’ 0,004
o 0,0025
of 0,0071
24 0,0073
a1 0,0019
otV 0,0050
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